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ABSTRACT: In the present paper, we report the Fourier
transform infra-red (FTIR) spectra and an analysis of the
normal modes and their dispersion, based on the calcula-
tions for an infinite chain and Urey Bradley force field
with nonbonded interactions. The results thus obtained
agree well with the FTIR spectra. The heat capacity
obtained from the dispersion curves via density-of-states
is in very good agreement with the experimental measure-

ments between 50 and 500 K. We observed that the main
contribution to heat capacity comes from the modes
involving the coupling of the backbone skeletal and side-
chain motions. VVC 2009 Wiley Periodicals, Inc. J Appl Polym Sci
113: 1406–1414, 2009

Key words: poly(L-glutamine); heat capacity; density-of-
states; dispersion curves

INTRODUCTION

Earlier, we reported the vibrational dynamics of bio-
polymeric systems having a, b, x, and threefold
helical conformations.1–11 In continuation of these
studies, we report on the vibration dynamics and
heat capacity of poly(L-glutamine). These calcula-
tions were found to be in good agreement with the
experimental measurements reported by Wunderlich
et.al.12–15 In most cases, their analysis is based on
separation of the vibrational spectrum into group
and skeletal vibrations. The former are taken from
computationally fitted i.r. and Raman data and the
latter by using the two-parameter Tarasov model12

and fitting to low-temperature heat capacities. We
also must carry out a complete normal-mode analy-
sis to further study vibrational dynamics, including
the heat capacity. The assignments of normal-mode
frequencies are made on the basis of potential
energy distribution (PED), which, together with line
shape, line intensity, and the presence/absence of
the modes in the molecule having atoms placed in
similar environment. Furthermore, the dispersion
curves provide knowledge of the degree of coupling
and the dependence of the frequency of a given
mode on the sequence length of ordered conforma-
tion. These curves also facilitate a correlation of
the microscopic properties, such as specific heat,
enthalpy, and free energy.

Poly(L-glutamine) (PLGn) is a polypeptide with a
glutamine side chain. It belongs to the class of poly
(amino acids) having bulky hydrophobic side chains.
Glutamine is a ‘‘nonessential’’ amino acid. It is found
in the skeletal muscle, with the remainder residing
in the lungs, liver, and stomach. Glutamine has a
unique molecule structure with two nitrogen side
chains. This makes glutamine the primary trans-
porter of nitrogen in the muscle cells. The cells in
the immune system rely on glutamine as their pri-
mary fuel source. The human body uses glutamine
to move ammonia and nitrogen throughout the body
via the bloodstream. Glutamine supplement is neces-
sary after an intense training period. Glutamine is
mostly tasteless.16

THEORETICAL APPROACH

Normal mode calculation

The calculation of normal mode frequencies has
been carried out according to the well-known Wil-
son’s GF17 matrix method, as modified by Higgs.18 It
consists of writing the inverse kinetic energy matrix
G and the potential energy matrix F in terms of in-
ternal coordinates R. In the case of an infinite iso-
lated helical polymer, there are an infinite number
of internal coordinate that lead to G and F matrices
of infinite order. Due to the screw symmetry of the
polymer, a transformation similar to that given by
Born and Von Karman can be performed that
reduces the infinite problem to finite dimensions.19

The vibrational secular equation, which gives normal
mode frequencies and their dispersion as a function
of phase angle, has the form:
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GðdÞFðdÞ � kðdÞI ¼ 0; 0 � d � p (1)

The vibrational frequencies m(d) (in cm�1) are related
to the eigenvalues k(d) by the following relation:

kðdÞ ¼ 4p2c2m2ðdÞ (2)

where c is the velocity of light.

Calculation of specific heat

Dispersion curves can be used to calculate the specific
heat of a polymeric system. For a one-dimensional
system, the density-of-state function or the frequency
distribution function expresses the way energy is dis-
tributed among various branches of normal modes in
the crystal. It is calculated from the relation:

gðmÞ ¼
X

j

ð@mj=@dÞ�1jmjðdÞ�m (3)

with $g(mj) dmj ¼ 1.
The sum if over all branches j. Considering a solid

as an assembly of harmonic oscillators, the fre-
quency distribution g(m) is equivalent to a partition
function. The constant volume heat capacity Cm can
be calculated using Debye’s relation:

Cm ¼
X

j

gðmjÞkNAðhmj=kTÞ2
expðhmj=kTÞ

½expðhmjÞ=kT � 1�2 (4)

where g(m) is density of states; k is Boltzmann con-
stant; N is Avogadro number; T is absolute tempera-
ture; and h is Planck’s constant.

The constant volume heat capacity Cm, given by
eq. (4), is converted into constant pressure heat
capacity Cp, using the Nernst-Lindemann approxi-
mation.19,20

Cp � Cm ¼ 3RA0ðC2
pT=CmT

0
mÞ (5)

where A0 is a constant often of a universal value [3.9
� 10�9 (kmol/J)] and T0

m is the equilibrium melting
temperature.

RESULTS AND DISCUSSIONS

The FTIR spectra (Fig. 2) were obtained on a Perkin
Elmer model RX-1. The spectrograph was purged with
liquid nitrogen before taking the spectra. Poly(L-gluta-
mine) is a-helical in form. There are 17 atoms per resi-
due unit (Fig. 1) that gives rise to 51 dispersion curves.
The Urey Bradley force constants were initially trans-
ferred from the earlier work on poly(L-leucine)21 and
were further refined by using the least-squares fit
method. Final set of force constants for poly(L-gluta-
mine) are given in Table I. The vibrational frequencies
were calculated for values of d varying from 0 to p in
steps of 0.05 p. Assuming that w is the angle of rotation
about the helix axis that separates the adjacent units,
the modes corresponding to d ¼ 0 (A species) and w (E
species) are infra-red active and corresponding to d ¼
0, w, 2w (E species) are Raman active modes. The four
zero frequencies correspond to acoustic modes, three
representing translations along the three axes, and one
is rotation around the chain axis. The assignments
have been made on the basis of potential energy distri-
bution, band position, band shape, band intensity, de-
rivative spectra, and absorption/scattering in similar
molecules having groups placed in similar environ-
ments. Full use has been made of the spectral informa-
tion available in Refs. 2 and 3 and Ref. 11. Except for a
couple of frequencies, most of the frequencies are fitted
within less than 1%. As mentioned earlier, the modes
corresponding to d ¼ 0.0 are both Raman and IR active.
Therefore, the calculated frequencies are first fitted to
the observed frequencies for this phase value. For the
sake of simplicity, it is convenient to discuss the nor-
mal frequencies under two separate heads, viz., amide
modes, side chain modes, and mixed mode. All amide
modes, side chain modes, and mixed modes, along
with their potential energy distribution, are given in
Tables II–IV, respectively. Table V shows the compari-
son of the amide modes of a-helical polypeptides.
The significant contribution from a force constant

is taken to be 5%. The calculated frequencies are
compared with the observed ones. Since the modes
above 1350 cm�1 are nondispersive, only the modes
below this are shown in Figures 3(a), 4(a), and 5(a).
Figure 6 shows the variation of heat capacity with
temperature.

Figure 1 Chemical repeat unit of poly(L-glutamine).
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Backbone and mixed modes

The main chain of poly(L-glutamine) PLGn consists
of amide group joined together by Ca atoms. Modes
involving the motions of main chain atoms
(CACaAN) are termed as backbone modes. Pure

backbone modes are given in Table II and pure side
chain modes in Table III. The modes involving the
coupling of backbone and side chains are given in
Table IV. A comparison of various amide modes of
aPLGn with aPoly(L-leucine)21 and aPoly(L-alanine)8

is given in Table V. Amide I, II, and III modes fall
nearly in the same region. It is clear that the fre-
quency of amide V mode does not depend solely on
the main-chain conformation, but side chain struc-
ture also plays an important role in determining the
frequency of these modes. These modes mix strongly
and very differently with the side chain coordinates,
depending on the structure of the main and side
chains.
In FTIR of PLGn (Fig. 2), the amide A mode is

observed at 3321 cm�1, which is calculated at 3318
cm�1. This value is almost conformation dependent. In
a-helical poly(c-benzyl-L-glutamate),22 the amide A fre-
quency is observed at 3300 cm�1. In the present work,
the amide I and amide II modes of PLGn are observed
in FTIR (Fig. 2) at 1687 and 1587 cm�1, respectively.
The corresponding calculated values are 1683 and 1591
cm�1. These frequencies are in the characteristic region
of the modes for a-helical structures, e.g., the amide I
and amide II modes for poly(c-benzyl-L-glutamate)22

and poly(L-leucine)21 have been reported at 1653 and
1550, and 1650 and 1540 cm�1, respectively.
It is observed that amide III vibrations are rather

complicated, involving a number of stretching and
deformation modes of the amide group. In addition,
it may contain some (CaAC) stretch mixed with it.
In the present case also, this vibration is not isolated
within the peptide group and we see that it appears
at 1317 cm�1, matching well with the calculated val-
ues 1313 cm�1. This also agrees well with the amide
III band reported at 1299, 1298, and 1313 cm�1 in
poly(L-leucine),21 poly(b-benzyl-L-aspartate),1 and
poly(a-amino isobutyric acid),23 which show a-heli-
cal structure. The amide IV is observed at 480 cm�1

and is calculated at 488 cm�1. In poly(L-histidine)
under study, it was calculated at 486 cm�1.
In addition to in-plane modes of COANH group

discussed above, there are three out-of-plane vibra-
tions. The amide V and amide VI are due to NH
and C¼¼O out-of-plane wagging modes, and the am-
ide VII is due to internal rotation about the CN
bond. The amide V mode is observed at 539 cm�1

and it is matched to the calculated frequency at 535
cm�1. CO wag and NH wag are the main compo-
nents of this mode. In poly(L-glutamic acid),3 the
amide V band appears at 552 cm�1. The amide VI
mode is observed at 777 cm�1 and is calculated at
776 cm�1. This amide mainly consists of CO wag
and NH wag. In poly(L-tyrosine)24 and poly(L-histi-
dine) under study it was observed at 766 cm�1.
The amide VII mode has been calculated at 194

cm�1. This vibration, mainly a CN torsion mode of

TABLE I
Internal Coordinates and Force Constants (md/Å)a

1 m(NAH) 5.39
2 m(NACa) 3.10
3 m(CaAC) 2.80
4 m(C¼¼O) 8.50
5 m(CaAHa) 5.10
6 m(CaACb) 3.40
7 m(CbAHb) 4.55
8 m(CbACc) 2.90
9 m(CcAHg) 4.50

10 m(CcAC) 2.25
11 m(C¼¼O)s 9.70
12 m(CAN)s 4.20
13 m(NAH)s 5.395
14 m(C¼¼N) 6.50
15 U(HANACa) 0.462 (0.60)
16 U(NACaAHa) 0.23 (0.60)
17 U(NACaAC) 0.45 (0.50)
18 U(NACaACb) 0.42 (0.50)
19 U(HACaAC) 0.410 (0.18)
20 U(CbACaACb) 0.52 (0.18)
21 U(HaACaACb) 0.26 (0.20)
22 U(CaAC¼¼O) 0.21 (0.60)
23 U(CaAC¼¼N) 0.21 (0.50)
24 U(N¼¼C¼¼O) 0.65 (0.90)
25 U(CaACbAHb) 0.45 (0.20)
26 U(CaACbACc) 0.52 (0.18)
27 U(HbACbACc) 0.42 (0.20)
28 U(HbACbAHb) 0.375 (0.24)
29 U(CbACcAHg) 0.447 (0.20)
30 U(CbACcAC) 0.52 (0.18)
31 U(HgACcAC) 0.46 (0.20)
32 U(HgACcAHg) 0.33 (0.24)
33 U(CcAC¼¼O)s 0.23 (0.60)
34 U(CcACAN)s 0.20 (0.50)
35 U(NAC¼¼O)s 0.65 (0.40)
36 U(CANAH)s 0.285 (0.60)
37 U(HANAH)s 0.205 (0.40)
38 U(C¼¼NAH) 0.23 (0.65)
39 U(C¼¼NAC) 0.53 (0.35)
40 x(CaAHa) 0.14
41 x(C¼¼O) 0.535
42 x(CbAHb) 0.18
43 x(CcAHg) 0.17
44 x(C¼¼O)s 0.54
45 x(NAH)s 0.095
46 x(NAH) 0.13
47 s(CaAC) 0.16
48 s(CaACb) 0.16
49 s(CbACc) 0.16
50 s(CcAC) 0.16
51 s(CAN)s 0.010
52 s(C¼¼N) 0.035
53 s(NACa) 0.010

a m, /, x, and s denote stretch, angle bend, wag, and tor-
sion, respectively. Nonbonded force constants are given in
parentheses.
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the peptide link, is theoretically important because
of its direct relation to the potential barrier hinder-
ing internal rotation and is specific to the position of
CO and NH bands relating to one another. In
poly(L-histidine) under study, the amide VII mode
was calculated at 180 cm�1.

Side chain modes

Strong lines calculated at 1637 cm�1 observed at
1639 cm�1 were assigned to the CO stretching in the
side chain of poly(L-glutamine). Andreas Barth24 has
bands at 1668 cm�1. He has also assigned CN
stretching at 1084 cm�1, which was observed at 1107
cm�1, calculated at 1105 cm�1.

The conformation-insensitive CH2 scissoring mode
in the side chain, calculated at 1465 cm�1, was
observed at 1462 cm�1; this has been observed at

nearly the same value at 1449 cm�1 in poly(L-leu-
cine),21 1453 cm�1 in poly(c-benzyl-glutamate),22 and
at 1450 cm�1 in poly(L-glutamic acid).3 The above
modes are localized modes and nondispersive in
nature.

Dispersion curves

In the region below 1350 cm�1, the modes are
mostly coupled, and, depending on the degree of
coupling, conformation, and chemical species, show
some characteristic features. Some of the modes
exhibiting special features are discussed below.
As seen for the 816 cm�1 mode and the 776 cm�1

mode, there is attraction between them with an
increase in delta value, as shown in Table VI. We
see that for the 816 cm�1 mode, this is due to

TABLE II
Pure Backbone Modes

Calc Obs Assignments (%PED at d ¼ 0.0)

3318 3321 m(NAH) (100) AMIDE A
1683 1687 m(C¼¼O) (54) þ m(C¼¼N) (35) AMIDE I
1591 1587 /(HANACa) (43) þ /(C¼¼NAH) (28) þ m(C¼¼N) (12) AMIDE II
1313 1317 m(C¼¼N) (27) þ m(CaAC) (17) þ m(C¼¼O) (13) þ /(HANACa) (9)þ /(N¼¼C¼¼O) (8) þ /(NACaAHa) (6) AMIDE III
897 897 m(CaAC)(21) þ /(N¼¼C¼¼O)(14) þ /(C¼¼NAC)(11) þ m(C¼¼O) (10) þ m(C¼¼N) (7)
776 777 x(C¼¼O) (41) þ x(NAH) (32) þ s(C¼¼N) (12) AMIDE VI

Cal. Obs. Assignments (% PED at d ¼ 5p/9)

3318 3321 m(NAH) (99) AMIDE A
1682 1687 m(C¼¼O) (54) þ m(C¼¼N) (35) AMIDE I
1582 1587 /(HANACa)(44) þ /(C¼¼NAH) (29) þ m(C¼¼N) (10) AMIDE II
1357 1317 m(CaAC) (14) þ m(C¼¼N) (14) þ m(NACa) (14) þ /(NACaAHa) (14)þ m(C¼¼O) (7) þ /(HANACa) (5) AMIDE III
896 897 m(CaAC) (25) þ m(CaACb) (8) þ /(N¼¼C¼¼O) (8) þ m(NACa) (6)þ m(C¼¼O) (6)
799 777 x(C¼¼O)(33) þ x(NAH)(24)þ s(C¼¼N)(9)þ m(CcAC)(7)þ m(CaACb)(7)þ /(NACaAC) (5) AMIDE VI

Note: All frequencies are in cm�1.

TABLE III
Pure Side Chain Modes

Calc Obs. Assignments (% PED at d ¼ 0)

3324 3321 m(NAH) (100)
3266 3270 m(NAH) (100)
3179 3175 m(CaAHa) (100)
2994 2987 m(CbAHb) (96)
2978 2987 m(CcAHc) (95)
2974 2957 m(CbAHb) (99)
2958 2957 m(CcAHc) (99)
1639 1637 m(C¼¼O) (85) þ m(CcAC) (5)
1480 1488 /(HANAH) (54) þ /(CANAH) (43)
1410 1412 /(HcACcAHc) (62) þ /(CbACcAHc) (16) þ x(CcAHc) (12)
1107 1105 /(CANAH) (47) þ /(HcACcAC) (11) þ m(CAN)s (8)
954 945 m(CbACc) (52) þ x(NAH) (8) þ /(HbACbACc) (8) þ /(CbACcAHc) (7)
925 926 x(NAH) (84) þ m(CbACc) (8)
857 849 /(HbACbACc) (18) þ x(CbAHb) (16) þ /(CbACcAHc) (14)

þ x(CcAHc) (14)þ /(HcACcAC) (8) þ /(CaACbAHb) (7)
447 456 /(NAC¼¼O) (89)
105 – s(CAN) (91)

Note: All frequencies are in cm�1.
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stretching of (CcAC) and angle bend of
(CaACbAHb).We see a variation in the above contri-
butions with the change in the delta values; at d ¼
0.20, we see that contribution of (CaACbAHb)
becomes zero. For the 776 cm�1 mode, we see at d ¼
0.40 contribution of stretching of (CaACb). At d ¼
0.85, it is seen that contribution of stretching of
(CcAC) and stretching of (CaACb) becomes zero.

For the 653, 592, 535, and 488 cm�1 modes, it is
observed for 653 cm�1, at d ¼ 0.15 angle bend of
(CaACbACc) becomes zero. Further, at d ¼ 0.20, the
contribution of angle bend of (N¼¼C¼¼O) becomes
zero; contribution of stretching of (CbACc) exists
between d ¼ 0.25 and 0.75.Contribution of wagging
of (CaAHa) becomes zero at d ¼ 0.40. It is observed
at d ¼ 0.70, contribution of angle bend of (C¼¼NAC)
and (CbACaACb) comes in and contribution of
angle bend of (CbACcAC) becomes zero. At d ¼
0.75, contribution of angle bend of (CcAC¼¼O) of the
side chain becomes zero. For the 592 cm�1 mode, we
see that at d ¼ 0.20 contribution of angle bend of
(CbACcAC) becomes zero. For this mode there has
been observed exchange of character with the 653
cm�1 mode; at d ¼ 0.70 there is exchange of charac-
ter for angle bend (CbACaACb) and (CbACcAC), as

shown in Table VII. For the 535 cm�1 mode it is
observed at d ¼ 0.15 that the contribution of angle
bend of (CaACbACc) becomes zero, again exchange
of character is seen between this mode and the 592
cm�1 mode for angle bend of (N¼¼C¼¼O) at d ¼ 0.40,
as shown in Table VII. Furthermore, for the 535
cm�1 mode at d ¼ 0.40, the contribution of stretching
of (NACa) becomes zero and at d ¼ 0.45 the contri-
bution of angle bend of (CbACaACb) becomes zero.
For the 488 cm�1 mode we see, at d ¼ 0.40 the con-
tribution of angle bend of (NAC¼¼O) of the side
chain comes in and at d ¼ 0.45 there is exchange of
character with the 447 cm�1 mode for the contribu-
tion of angle bend of (HaACaACb), as shown in
Table VII. For the 447 cm�1 mode, which starts with
purely the contribution of angle bend of (NAC¼¼O)
of the side chain, at d ¼ 0.45 the contribution of
angle bends of (CaAC¼¼O),(CaAC¼¼N), and
(NACaACb) comes in at d ¼ 0.60; we see that the
contribution of angle bend of (NAC¼¼O) of the side
chain becomes zero.
For the 131, 105, and 79 cm�1 modes, we observe

for 131 cm�1 mode, at d ¼ 0.15 the contribution of
torsion of CAN of the side chain becomes zero and
comes in back at d ¼ 0.75. At d ¼ 0.45, the

TABLE V
Comparison of Amide Modes of a-Helical Polypeptides

Poly(L-glutamine) Poly(L-leucine) Poly(L-alanine)

AMIDE A 3,318 3,313 3,293
AMIDE I 1,683 1,657 1,659
AMIDE II 1,591 1,546 1,515
AMIDE III 1,313 1,299 1,270
AMIDE IV 535 587 525
AMIDE V 488 587 595
AMIDE VI 776 656 685
AMIDE VII 194 216 238

Figure 2 FTIR spectra of poly(L-glutamine).
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contribution of angle bend of (C¼¼NAH) comes in
and becomes zero at d ¼ 0.70. It is seen at d ¼ 0.75
that the contribution of angle bend of (NACaAC)
and (N¼¼C¼¼O) becomes zero while the contribution
of (CbACaACb) comes in. For the 105 cm�1 mode,

we see that it is purely the contribution of torsion of
CAN of the side chain, but it increases with the
increase in the delta values. At d ¼ 0.80, we see that
the contribution of the angle bend of (CaAC¼¼N)
and (C¼¼NAC) comes in. It is also seen at d ¼ 0.95
that the contribution of angle bend of (C¼¼NAC)
becomes zero and contribution of angle bend of
(CbACcAC) comes in. For the 79 cm�1 mode, we see
that at d ¼ 0.30 the contribution of angle bend of
(CaAC¼¼N) and torsion (CaACb) becomes zero. Fur-
thermore, at d ¼ 0.35, the contribution of torsion of
(CcAC) becomes zero and at d ¼ 0.45 the contribu-
tion of wagging of CO comes in. It is also seen at d
¼ 0.50 that the contribution of wagging of the NAH
of side chain comes in and at d ¼ 0.75 contribution
of angle bend (C¼¼NAC) comes in.

Figure 3 (a) Dispersion curves of poly(L-glutamine)
(1400–900); (b) density-of-states of poly(L-glutamine)
(1400–900).

Figure 4 (a) Dispersion curves of poly(L-glutamine) (900–
200); (b) density-of-states of poly(L-glutamine) (900–200).

Figure 5 (a) Dispersion curves of poly(L-glutamine)
(below 200); (b) density-of-states of poly(L-glutamine)
(below 200).

Figure 6 Heat capacity variation with temperature of
poly(L-glutamine).
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Density of states and heat capacity

The normalized density of states versus frequency
plots obtained from the dispersion curves is given in
Figures 3(b), 4(b), and 5(b). The peaks in the fre-
quency distribution curves represent the frequencies
of high density of states, which is supported by the
observed frequencies in the same region.

We see from the frequency distribution curves
that the heat capacity of PLGn has been calculated
from 50 to 500 K. Our calculations of the heat
capacity data are in good agreement with the
reported data of ATHAS Data bank Update (1993)
(Fig. 6). The divergence in two heat capacity data
below 150 K is due to neglect of lattice modes that
lie below this frequency. The heat capacity is also
sensitive to these modes in this region. The contribu-
tions of the heat capacity are also calculated sepa-
rately for the side chain, backbone, and mixed
modes and are plotted in the same figure. It is clear
that the major contribution comes from the side
chain and mixed modes. The sum of these three con-
tributions gives the total capacity. The use of a small
scaling factor of 1.07 brings the calculated heat
capacity data into full agreement with the experi-
mental measurements. The scaling factor takes into
account any constant error in experimental measure-
ments that cause a constant shift of the experimental
curve. The same can be said for the theoretical curve
as well. The results show that the heat capacity is
sensitive to the conformation of the chain, especially
in the low-temperature region (<300 K).

It may be added here that the contribution from
the lattice modes is bound to make a difference to
the heat capacity because of its sensitivity to low fre-
quency modes. However, so far we have solved the
problem only for an isolated chain. The calculation
of dispersion curves for a three-dimensional system
is extremely difficult. Inter-chain modes involving
hindered translatory and rotatory motion that
appear and the total number of modes will depend
on the contents of the unit cell. It would not only
make the dimensionality of the problem prohibitive
but also bring in an enormous number of interac-
tions that are difficult to visualize, much less to
quantify. Thus it makes the problem intractable. The
inter-chain interactions contribute to lower frequen-
cies. They are generally of the same order of magni-
tude as the weak intra-chain interactions. Their
introduction would at best bring about crystal field
splittings at the zone center or zone boundary,
depending on the symmetry-dependent selection
rules. However, the intra-chain assignments will

remain by and large undisturbed. Thus, despite sev-
eral limitations involved in the calculation of specific
heat, the present work does provide a good starting
point for further basic studies on thermodynamic
behavior of polypeptides that go into well-defined
conformations. Complete three-dimensional studies
have been reported only on polyethylene and poly-
glycine, in which the unit cell is small. Other calcu-
lations with approximate inter-chain interactions as
b sheets of polypeptides are confined to calculations
of zone center and zone boundary frequencies alone
by considering short segments and nearest neighbor
interactions only. The present work goes beyond this
and calculates the dispersion curves within the
entire zone.
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